For a massless fluid (density = 0), the steady flow along a duct is governed exclusively by viscous losses. In this paper, we show that the velocity profile obtained in this limit can be used to calculate the pressure drop up to the first order in density. This method has been applied to the particular case of a duct, defined by two plane-parallel discs. For this case, the first-order approximation results in a simple analytical solution which has been favorably checked against numerical simulations. Finally, an experiment has been carried out with water flowing between the discs. The experimental results show good agreement with the approximate solution.
I. Introduction
Introductory physics textbooks for first-level college students usually devote a couple of chapters to fluid statics and dynamics. Regarding the latter, it is common that textbooks present first the behavior of inviscid fluids and then introduce viscosity. [1] [2] [3] When dealing with inviscid fluids, two general laws (mass and energy conservation) are 
where p 0 and p 1 are pressures on sections 0 and 1 respectively, and where the corresponding (uniform) fluid velocities are v 0 and v 1 ( Fig. 1 ). With subindex "ρ" we indicate that the pressure change Δp is related to mass density of the fluid, i.e. to its inertia. This equation easily describes the change of pressure along a horizontal duct due to changes in velocity (which, of course, must be related to changes in the duct section).
When viscosity is introduced, the simplest case of a cylindrical duct of constant section is usually analyzed. For this particular geometry, the pressure difference required to balance viscous resistance in the flow, i.e. the so-called Poiseuille equation, is given by:
where η is the viscosity coefficient of the fluid, R is the duct radius, L is the distance between sections 0 and 1 (where pressures p 0 and p 1 are applied), and Q is the flow rate.
In contrast with Bernoulli's equation, pressure losses due to viscosity are nonzero even
for a massless fluid. Note that, as explained in most textbooks, Poisseuille's equation can be derived from the balance between pressure and viscous forces applied to an infinitesimally thin cylindrical layer of fluid and then integrated over the whole volume (Fig. 2 ). An intermediate result is the velocity distribution (or profile) within the flow, which turns out to be parabolic:
This non-uniformity of the velocity across a section of the flow justifies the use of the average velocity ( v ) incompressible, inviscid flow, to the more complex non-steady and viscous flows).
However, equations in that paper are useful only for streamlines (usually for the centerline) and the authors avoid the question of integrating the equation for the whole duct. In another paper 5 , an experiment is suggested to demonstrate the importance of considering viscous effects for real fluids (such as water draining out of a cylindrical vessel). In this case, the analysis is so particular that it cannot be applied to other flow situations.
In the present paper, we will approach the question of combining viscous and inertial effects. In Section II we derive a new equation for the first-order approximation to pressure drop in terms of geometry of the duct and of flow rate, which, in turn, depends on both density and viscosity. The general equation derived is then applied to the particular case of a radial flow between two plane-parallel discs. The validity of this approximate solution, i.e. the "first-order Bernoulli correction" to viscous flow, is checked against the results obtained by numerically solving the fluid dynamics (Section III). The approximate solution is then applied to analyze the results obtained with a very illustrative experiment which is described in Section IV. Finally, Section V summarizes the main conclusions of our work.
II. Theoretical development

II.a. General expression for pressure change
In general, work associated to pressure changes in a flow is used to 1) change the kinetic energy, 2) change the gravitational energy, and 3) balance the dissipation of energy due to viscosity. If gravitational effects are removed, we can write the relationship with the other two terms, which, expressed as power (i.e. work per unit time) is:
where A 0 and A 1 are the areas of sections 0 and 1, respectively, and η sections 0 and 1 is perpendicular to these sections (i.e., the velocity vector is parallel to the differential area vector and pressure is uniform across the section). The latter condition implicitly requires the flow regime to be laminar. Under these conditions, the power introduced by pressure differences can be written as in Eq. (4), since, on a particular section, this work per unit time is
where F is the force associated with pressure. Regarding kinetic energy, it can be written (for a control volume defined by a given infinitesimal section, dA, and the translation of the fluid during a time interval Δt) as
Therefore the change of kinetic energy per unit time can be expressed as in Eq. (4).
Finally, the power dissipated by viscosity can be calculated through the integral:
where V means the volume of fluid limited by sections 0 and 1, and
is the deformation rate, y being a direction perpendicular to the fluid velocity.
Although Eq. (4) is exact under the conditions mentioned above, its application is not straightforward because it requires the precise knowledge of the velocity at any point of volume V. For viscous (η ≠ 0) and dense (ρ ≠ 0) fluids, analytical solutions for v are difficult to obtain, whereas when ρ = 0 or if v is constant along the duct (i.e., there are no changes in section shapes and areas), analytical solutions exist for conduits of simple geometry 6 .
Fortunately, we will demonstrate next that Eq. (4) with η
• w calculated from the velocity profile obtained for a massless fluid (ρ = 0) is a good (first-order) approximation to the correct result. Indeed, we can take Taylor's development (on powers of ρ) of the main magnitudes given in Eq. (4):
where superscript (0) means the value computed for ρ = 0. Obviously, the zeroth-order approximation to Eq. (4) is:
since the Bernoulli term is null at the zeroth order. At first order, the Bernoulli term is
where the zeroth-order approximation to the velocity field can be easily calculated for many simple geometries (the most well-known being the already mentioned parabolic distribution of velocities). Finally, the key point is that the first order approximation of the viscous term is null, that is:
which means that the viscous term is an extremum (minimum) for the distribution of velocities of a massless fluid. A demonstration of this well-known result in fluid dynamics 7 is given in the Appendix for the very simple case of a plane-parallel duct.
Summing up, we can write the first-order approximation to pressure change in a viscous flow within a changing section duct as:
In the next subsection, this expression will be applied to obtain this pressure change in the particular case of a duct defined by two plane-parallel discs where the fluid flows in a radial direction.
II.b. Viscous flow within two plane-parallel discs
If we have a viscous fluid flowing within a plane-parallel duct with height, H, much smaller than its width, W (Fig.3 ), the velocity profile will be parabolic. This can be easily deduced from the balance between pressure and viscous forces, when the section crossed by the flow is constant. The parabolic profile may be written as:
When this expression is integrated over the whole section, A = W·H, we obtain:
Moreover, Eq. (14) can be used in combination with Eq. (13) to write the velocity profile as a function of the flow rate itself:
Eqs. (13) and (15) are exact for a duct of constant section. They still remain exact for a massless fluid (ρ = 0) when W changes along the duct. This is so despite the fact that the continuity equation implies a change in velocity, since the kinetic energy is always zero and does not affect the balance of work performed by pressure.
Consequently, these expressions are the zeroth order approximation to the velocity distribution between two parallel planes even if the section is not constant.
In our experiment (see Section IV) the fluid flows between two parallel discs in a radial direction (Fig. 4) . Therefore, it is a case of a plane-parallel duct where section crossed by the flow is not constant. For the infinitesimal volume between r and r + dr, however, Eq. (13) applies, so the velocity profile can be written as follows:
which, again, when introduced in Eq. (7) and using dp
where p(R) is the pressure at the outer boundary of the discs, which have R as their maximum radius. This result can also be obtained from Eq. (15), changing W by 2πr, and combining Eqs. (4, 7, and 8).
As far as the Bernoulli term is concerned, it is convenient to use the zeroth-order approximation to the velocity profile as expressed in Eq. (15) and adequately written for our geometry (i.e. W = 2πr, dA = 2πrdy). With this, integration of the Bernoulli term according to Eq. (12) gives:
Finally, the combination of Eq. (17) and Eq. (18) when introduced in Eq. (12) gives the expression that approximates (to the first order) the pressure in a radial flow between two plane-parallel discs: (Fig. 5b) . Fig. 5b) 
III.b Accuracy analysis
Despite the good agreement between the analytical and numerical results, one may wonder if, for small radii, this agreement is somewhat fortuitous. The puzzling fact is that although the Bernoulli correction is calculated through the perturbative method developed in Section II.a, it approaches the correct result even when the Bernoulli term is as large as one-half of the viscous term (for H = 0.5 mm, Q = 5 L/min and r = 20 mm in
IV. Experiment: design and results
Two discs of radius 20 cm were cut from a 2 cm thick aluminum sheet. One side of the sheet was very smooth and flat, so that deviations from perfect flatness were below ±0.03 mm over the entire disc surface. In the center of one disc a hole of 2 cm diameter was drilled to allow water to flow through, whereas five smaller holes of 0.5 cm diameter were drilled in the other disc at 2, 3, 7, 11, and 15 cm from the center. A plastic hose was connected to every small hole to measure the water pressure by simply quoting the height of the water column inside (see Fig. 7 ). Although we attempted to measure the pressure near the center and near the disc boundary, we realized that, due to the abrupt variation in flow conditions there, it was not easy to interpret the pressure values at these points. 
V. Conclusions
Although analytical solutions do not exist for the steady flow of dense fluids along ducts of variable sections, it has been shown that the solution in the limit of ρ = 0 can be used to calculate the extra pressure variations due to inertial effects (Bernoulli's correction). This method is correct up to the first order in ρ, because the energy dissipation is minimal for the velocity distribution of a massless fluid.
It is possible to illustrate the method with a good experiment, suitable for undergraduate students, consisting of the radial flow of water between two planeparallel metallic discs separated by a small distance. If elastic and plastic deformations are avoided, then good agreement between theory and experiment can be expected for a reasonable range of experimental conditions.
Appendix
Here we show that the energy dissipation is minimum for a massless fluid (i.e., 
where τ xy is the viscous stress (i.e., the viscous force on direction x acting on a fluid surface normal to direction y). For an incompressible fluid in the plane-parallel duct here analyzed, the viscous stress reads,
By substituting Eq. (A2) into Eq. (A1) we obtain,
where Δp/L is the constant pressure loss per unit length. The integration of Eq. (A3) leads to the well-known parabolic velocity profile. 
